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Most parametrizations for dark energy involve the equation of state w of the dark energy. In this
work, we choose the pressure of the dark energy to parametrize. As p = constant essentially gives
a cosmological constant, we use the Taylor expansion around this behavior p = −p0+(1− a)p1+ ...
to study the small deviations from the cosmological constant. In our model, the departure from
the cosmological constant behavior has been modeled by the presence of extra K-essence fields
while keeping the cosmological constant term untouched. The model is similar to assisted inflation
scenario in a sense that for any higher order deviation in terms of Taylor series expansion, one
needs multiple K-essence fields. We have also tested our model with the recent observational data
coming from Supernova type Ia measurements, the baryon oscillations peak (BAO) and the gas
mass fraction of the galaxy clusters inferred from X-ray observations and obtain constraints for our
model parameters.
I. INTRODUCTION
In recent years cosmology has become an interesting
blend of an empirical and theoretical sciences, combin-
ing concepts, tools and observational results from astro-
physics and particle physics. One of the most important
results in recent times is current accelerated expansion
of the universe rather than the decelerating one as ex-
pected due to gravity. The clearest evidence for this sur-
prising result comes from the recent Type IA Supernova
measurements [1] that directly shows the acceleration.
This apparent acceleration of the universe is attributed
to a new, exotic energy density component with nega-
tive pressure which also balances the kinetic energy of
the expansion. Recent observations of cosmic microwave
background radiations (CMBR) by the WMAP experi-
ment [2] together with the data from the redshift surveys
e.g Sloan Digital Sky Survey (SDSS) [3] and the 2-Degree
Field (2df) [4] redshift surveys for large scale structures
have further strengthened this result.
Although a simple cosmological constant (C.C) or vac-
uum energy can serve the purpose for dark energy, it faces
serious problem of fine tuning (for details, see the nice re-
view by Padmanabhan [5]). The other alternatives have
been proposed, which includes an evolving scalar field
called quintessence [6], a scalar field with noncannoni-
cal kinetic term (K-essence) [7], or simply a barotropic
fluid with p(ρ), such as the Chaplygin gas and its various
generalizations [8].
Despite having a large number of dark energy mod-
els without involving cosmological constant, the observa-
tional data still favor cosmological constant as a preferred
dark energy candidate. But the interesting point is that
it also allows a deviation from the corresponding C.C be-
havior. Although this deviation is not large enough, it is
still detectable by the present and future observational
setups. The present work actually describe a method
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by which one can possibly model such small deviation
from the cosmological constant behavior (also see a re-
cent related work by Crittenden et.al [9] where similar
thing has been discussed in terms of a minimally coupled
scalar field).
II. THE MODEL BEHAVIOR
We start with a fluid having a constant pressure p =
−p0 which ideally represents a positive cosmological con-
stant. To investigate models which deviates slightly from
this cosmological constant (C.C) behavior around present
time, the simplest way is to do a Taylor series expansion
around this behavior:
p = −p0 + (1 − a)p1 (1)
where we have assumed the present day scale factor a = 1
without any loss of generality and p1 =
dp
da (a = 1).
We have taken the minus sign infront the p0 term as
at present (a = 1), the dark energy pressure should be
negative (here we have assumed p0 > 0). This is simply
a choice of notation and does not affect any of our con-
clusions. In the above and subsequent equation we have
not assumed anything about the sign of p1. We shall
show later that some combinations of p0 and p1 can be
observationally constrained instead of p0 and p1 individ-
ually. We have also considered term up to the first order
in the series expansion. This is similar to the widely used
parametrization for the equation of state (e.o.s) for the
dark energy w = −w0 + (1 − a)w1 first introduced by
Chevallier and Polarski [10] and extensively studied by
Linder [11]. The only difference is that the zeroth order
behavior in (1) is essentially a C.C whereas for the above
e.o.s parametrization, the zeroth order is C.C only when
one assumes w0 = −1. The importance of parametrizing
dark energy using its pressure has also been discussed by
Sahni et.al [12] in terms of the statefinder parameter s
which is extremely sensitive to the pressure (also see [13]
2for a recent review on dark energy reconstruction). One
can also write the equation (1) as
p = −(p0 − p1)− p1a. (2)
Now one can use the energy conservation equation dρdt+
3H(ρ + p) = 0, together with equation (1), to find the
energy density for the dark energy fluid as
ρ = (p0 − p1) + (3/4)p1a, (3)
where we have set the integration constant to zero. keep-
ing the integration constant non-zero, would result a
term which scales as ∼ a−3. But as we already assume
the presence of matter-like component separately in our
model, we prefer to ignore the integration constant. This
does not change any of our conclusions. Equation (3) to-
gether with equation (1) represents a C.C together with
another fluid with equation of state w = −4/3 which
is necessarily a phantom one. This shows that when
one parametrizes C.C through its pressure, the first or-
der deviation necessarily gives rise to an extra term with
phantom equation of state. This result is quite general
without any added assumption. This may be due to the
pressure parametrization of the small deviations from the
C.C behavior.
Going to the second order for the Taylor series expan-
sion, one can write the pressure term as
p = −p0 + (1− a)p1 +
1
2
(1− a)2p2, (4)
where p2 =
d2p
da2 (a = 1). This expression can be rewritten
as
p = −(p0 − p1 − p2)− (p1 + p2)a+
1
2
p2a
2. (5)
Using equation (4), one can now integrate the energy
conservation equation to get the expression for the energy
density for the dark energy:
ρ = (p0−p1−p2/2)+ (3/4)(p1+p2)a− (3/10)p2a
2. (6)
Assuming p2 < 0, to satisfy the positivity condition
for the dark energy density at all times, equation (5)
and equation (6) now represents a C.C plus two more
fluid behavior with equation of states -4/3 and -5/3. In
general it is very easy to check that for each extra order
n in the Taylor series expansion around the C.C behavior
(p = −p0 = constant), there is an extra fluid component
with equation of state w = [−1 − n3 ]. The important
thing is that all these extra fluid behaviors are necessarily
phantom type.
To model such behavior, standard minimally coupled
scalar field with canonical kinetic energy is not suitable
as one can not achieve phantom type equation of state
with this type of scalar field. The other simple possibil-
ity is to consider the K-essence type scalar fields [7] with
non-canonical kinetic energy term (there can be other
alternatives like non-minimally coupled scalar fields or
f(R) theories, which we are not considering here). This
has been widely considered for modeling dark energy es-
pecially with phantom type equation of state. Using such
K-essence type scalar field, one can show that each extra
order deviation in the Taylor series expansion around the
C.C behavior can be modeled with a K-essence field with
Lagrangian
L = −cXn/(2(3+n)) (7)
where X = gµνφ,µφ,ν is the kinetic energy of the field
(here (, µ) means derivative w.r.t xµ) and n is the order
of expansion and c is a constant. So in general if one
makes a Taylor series expansion around the C.C behavior
as
p = −Λ + (1− a)p1 + (1/2)(1− a)
2p2 + ...... (8)
then the corresponding the Lagrangian can be written as
L = −Λ−
n∑
i=1
ciX
i/2(3+i)
i . (9)
Here Xi is the kinetic energy for i-th field φ
i needed for
the i-th order expansion, Xi = g
µνφi,µφ
i
,ν and ci is the
constant associated with the i-th field. This means for
n-th order expansion in the Taylor series, one needs n
number of fields. This is similar to the Assisted inflation
scenario [14], where one needs multiple fields for sufficient
e-folding for inflation. Here also the more one deviates
from the C.C behavior towards super acceleration regime
(due to phantom nature of the extra fluid behavior), one
needs to include more k-essence type scalar fields in the
total Lagrangian. It can be termed as “Assisted super ac-
celeration”. But current observational data do not pre-
dict a large deviation from the C.C behavior for dark
energy, and only allows a marginal departure from the
C.C. behavior. Hence it is sufficient to consider only up
to the first order in the Taylor series expansion given by
equation (1). In that case one needs only one K-essence
field and the Lagrangian for this purpose can be written
as
L = −Λ− c1X
1/8
1 . (10)
One can also think of equation (2) and (3), as a single
dark energy fluid with equation of state
w = −
(p0 − p1) + p1a
(p0 − p1) + (3/4)p1a
(11)
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FIG. 1: Convergence of the distance-redshift relation by
matching the distance to CMB last scattering for models with
different values of Ωm and corresponding Ω1 to the ΛCDM
case.
which is similar to Pade approximation of order (1,1)
[15].It is also known that Pade approximation often gives
better approximation of the function than truncating its
Taylor series and it may still work where the Taylor series
does not converge. Assuming p1 > 0 the equation of state
of this single dark energy fluid is also phantom in nature
as for any a > 0, the numerator of the expression in the
r.h.s of (11) is always greater than the denominator.
Next we write the expression for the Hubble parameter,
by considering only up to first order for the Taylor series
expansion for the pressure term around the C.C behavior
(1):
H(z)2 = H20 [Ωma
−3 +Ω1 +Ω2a] (12)
where H0 is the present day value for the Hubble pa-
rameter, Ωm is the density parameter for the matter
energy density, Ω1 = (p0 − p1)/(3H
2
0/8piG) and Ω2 =
(3/4)p2/(3H
2
0/8piG). Here we consider only the flat uni-
verse, hence Ωm+Ω1+Ω2 = 1. So we have only two free
parameters in our model. Recently Linder [16] has shown
that high redshift distance measurements (like distance
to last scattering for CMB) consistent with LCDM, virtu-
ally forces the low redshift measurements like SNIa two
measure w = −1 for dark energy despite the presence
of varying w(z). For this purpose, Linder has used the
equation of state parametrization w = w0+(1−a)wa for
the dark energy. Here we check this for our dark energy
parametrization given by equation (1) where we use pres-
sure of the dark energy instead of its equation of state.
The result has been shown in Figure 1 which confirms
the Linder’s result in [16]. It also shows that the result is
independent of dark energy parametrization. By using a
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FIG. 2: 1σ (solid line) and 2σ (dashed line)confidence for
various observational data discussed in paper. The ’*” is the
best fit point for each data fitting also described in the paper.
different parameter e.g the pressure, we reach the same
conclusion.
III. FITTING WITH THE OBSERVATION
Our goal is to constrain our model (12), using different
cosmological data. For this purpose we use the data from
the various SNIa observations in recent times. In partic-
ular we use 60 Essence supernovae [1], 57 SNLS (Super-
nova Legacy Survey) and 45 nearby supernovae. We have
also included the new data release of 30 SNe Ia detected
by HST and classified as the Gold sample by Riess et al
[1]. The combined data set can be found in Ref. [17].
The total number of data points involved is 192. The
best fit values for our parameters Ωm and Ω1 are given
by Ωm = 0.31 and Ω1 = 0.38 with χ
2
min/(d.o.f) = 1.03.
There is a large contribution (around 31%) from the ex-
tra phantom component.
Next we add the measurement of the CMB (Cosmic
Microwave Background) acoustic scale at zBAO = 0.35
as observed by the SDSS (Sloan Digital Sky Survey) for
the large scale structure ( This is the Baryon Acoustic Os-
cillation (BAO) peak) [3]. Considering this data together
with the SNIa data discussed in the previous paragraph,
the best fit values for the model parameters become
Ωm = 0.27 and Ω1 = 0.67 with the χ
2
min/(d.o.f) = 1.024
which is a slight improvement from the SNIa only data.
Also adding the BAO data makes the model more close
to the ΛCDM than considering only SNIa data as the
contribution from extra phantom term in equation (12)
becomes much less (around 5%).
We also consider the gas mass fraction of galaxy clus-
ter , fgas = Mgas/Mtot inferred from the X-ray obser-
vations [18]. This depends on the angular diameter dis-
tance dA to the cluster as fgas = d
3/2
A . The number of
4data point involved is 26. When we add these data with
SNIa data discussed previously, the best fit values for
the model parameters become Ωm = 0.28 and Ω1 = 0.53
with χ2min/(d.o.f) = 1.013 which is also a marginal im-
provement from the previous two cases. But there is
also sufficient contribution (around 19%) from the extra
phantom part.
When we add all the data mentioned above (SNIa +
BAO + XRS), the best fit values for the parameters be-
come Ωm = 0.27 and Ω1 = 0.62 with the χ
2
min/(d.o.f) =
1.008 which is sufficient improvemnet from the all the
above cases. the contribution from the extra phantom
component is also not much (around 11%). This together
with the other results discussed above, shows that in-
cluding the BAO data put tight constraint on the extra
phantom part in our model. In other words, BAO data
severely restricts models that deviates significantly from
the ΛCDM model. In Figure 1, we have shows the 1σ and
2σ confidence contours for our model parameters Ωm and
Ω1 for different observational data discussed above.
IV. CONCLUSION
In conclusion we have studied dark energy models
which are very close the ΛCDM behavior. In doing so,
we parametrize the dark energy through its pressure p in-
stead of its equation of state w. As p = constant ideally
represents the C.C, in order to study models which are
very close to this C.C behavior around present time, we
have used the most simple procedure of Taylor expanding
p around its C.C behavior. This gives series of terms in
the dark energy density expression, with phantom type
equation of states. The interesting point is that one can
find a relation for the equation of state (e.o.s) of these
individual term given by wn = −1 − n/3. As all these
extra terms are phantom in nature, we have modeled this
extra fluids by K-essence fields and have shown that as
one goes for higher order deviations from the C.C be-
havior, one needs more and more extra K-essence fields.
This is similar to “Assisted Inflation” scenario where one
needs more than one inflaton field to obtain higher e-
folding which may not be obtained using a single field.
Our scenario is like “Assisted Super Acceleration” where
in order to super accelerate more ( i.e deviating more to-
wards phantom region), one needs more and more extra
K-essence fields. The combined Lagrangian for the dark
energy part which deviates up to n-th order from the C.C
behavior has been given in equation (9).
Although we have used different parametrization for
the dark energy, we have confirmed the recent conclusion
by Linder [16] that there is always a convergence in the
distance redshift relation at low redshift, if one matches
the distance to CMB last scattering for any dark energy
model to the ΛCDM model.
We have also constrained the parameters Ωm and Ω1
by fitting our model with different observational data e.g
supernova data, BAO data and also the data coming from
the gas mass fraction of galaxy clusters from the X-ray
observation. For this, we have assumed only the first
order variation from the C.C behavior. The result shows
that adding BAO data severely constrains the extra term
and make the model very close to ΛCDM.
Recent advances in observational cosmology have put
tight constraint on the properties of dark energy. ΛCDM
is emerging out to be more favorable model for various
observational data although one has to take extra pre-
cautions before making any such conclusion (See recent
work by [16] for this purpose). But the current obser-
vational data also allow us to consider models that are
very close to ΛCDM but still different from that (the
most recent bound on the effective e.o.s for dark energy
is w = −1 ± 0.1 (see [16] and references therein). One
way is to consider such models is to assume that C.C
is exactly zero and consider time dependent dark en-
ergy behaviors. This has been the standard practice for
most of the investigations concerning dark energy model
building. The other possibility is to assume the exis-
tence of C.C with small but non-zero value and consider
extra component to model the observed departure from
C.C. This is because of the fact that we do not have any
known mechanism to make the C.C vanish, without di-
rect conflict with meaningful physics [19]. Also recent
advances in string-landscape models have resulted in ex-
plaining the extremely small but non-zero value of C.C
that is required by the observations (See [20] and refer-
ences therein for details). Keeping this in mind, we con-
sider the second possibility, which may be first approach
of this kind. We think further investigations pursuing
this kind of approach can yield interesting consequences
in dark energy model building.
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